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Abstract 

We obtain mass and angular momentum of black holes as conserved charges in three dimensional 
new massive gravity, after presenting the explicit expression for the potential of the conserved 
charges. This confirms the expression of those charges obtained in several ways, in particular 
through AdS/CFT correspondence, and shows us that the first law of black hole thermodynamics 
is valid in these black holes. We also comment about conserved charges in new type black holes 
with the emphasis on the AdS/CFT correspondence as guiding principle. 



1 nam@khu.ac.kr 

2 jdpark@khu.ac.kr 

3 shyi@sogang.ac.kr 



1 Introduction 



Three dimensional pure Einstein gravity is non-dynamical and seems not so relevant to our dy- 
namical four dimensional gravity. Despite of this apparent irrelevance, three dimensional gravity 
becomes an interesting arena toward understanding some aspects of gravity and testing various 
ideas about black holes, since it may contain black holes and have a dual description through 
AdS/CFT correspondence. Furthermore, when additional terms such as higher curvature terms 
are added, its physical contents become richer and it has some interesting aspects in the viewpoint 
of AdS/CFT correspondence. The higher curvature terms in three dimension make gravitons 
propagate and open a new window of the AdS/CFT correspondence. 

Gravitational Chern-Simons term is one of interesting correction terms, for which it has long been 
known that three dimensional pure gravity with this term pQ [2] leads to massive gravitons, allows 
black hole solutions, and also has a string theory embedding [3]~[lQ] . This three dimensional 
gravity with Chern-Simons term has been called topologically massive gravity (TMG). This TMG 
has also been investigated in the viewpoint of AdS/CFT correspondence(See [H]~[ll]). Recently, 
another type of three dimensional massive gravity theory with a specific combination of higher 
curvature terms has been explored (see for a review |15]^(T9]). which is called new massive grav- 
ity(NMG). The simplest version of this theory contains a specific combination of scalar curvature 
square and Ricci tensor square, and it preserves parity symmetry contrary to TMG. It has also 
been shown that this NMG allows various black holes |16j~[25] and also has another realization of 
the AdS/CFT correspondence. 

Though there are several studies on black holes in NMG, far less is known than those in TMG. 
Mass and angular momentum of black holes are not obtained as conserved charges and the so-called 
new type black holes found in NMG are not so well understood, yet. In this paper, we obatin mass 
and angular momentum as conserved charges on various black holes and then resolve some issues 
on new type black holes. 

There are several methods to define mass and angular momentum of black holes for higher 
curvature theories, for example as in [26|~ [33] . One of the easiest way to obtain those in the 
case of asymptotically AdS space is to resort to AdS/CFT correspondence. Specifically, in the 
three dimensional case the mass and angular momentum of asymptotically AdS black holes can be 
obtained by 

M = E L + E R , J = L(E L - E R ) , (1) 

where El,Er are left and right energies of the dual CFT and L is the AdS radius. In terms of the 
central charges of dual two dimensional CFTs, these energies can be related to the left and right 
black hole temperatures as El = ir 2 L/6 ■ clT 2 , Er = tt 2 L/6 ■ crT^, and central charges of the 
conjectural dual CFTs can also be obtained from black hole solutions through the Cardy formula. 
Therefore, the above formulae mean that mass and angular momentum can be obtained purely 
from gravity data without CFT. For warped AdS black holes, those should be read as 

where /3 is the warp factor. 
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These formulae for obtaining mass and angular momentum through AdS/CFT correspondence 
are consistent with the first law of black holes thermodynamics by construction. These formulae 
also hold in TMG for the same kind black holes, and can be shown to be identical with those 
obtained as conserved charges. One of our main results is to verify these formulae in NMG by 
obtaining mass and angular momentum of black holes as conserved charges in the purely gravity 
context, which can also be understood as verification of the first law of black hole thermodynamics 
for these black holes in NMG. 

In NMG there are new black hole solutions, so-called new type black holes, in addition to the above 
mentioned (warped) AdS black holes |16| . Though these solutions are obtained analytically, a deep 
understanding of their physical properties is still lacking. One of motivations to study conserved 
charges of black holes in this paper is to improve this situation in these black holes, keeping in 
mind AdS/CFT correspondence as the guiding principle. 

The asymptotic of new type black holes in NMG is AdS space, which is identical to the asymptotic 
of BTZ black holes. Therefore, according to the standard AdS/CFT correspondence, new type 
black holes and BTZ black holes should correspnd to the related dual CFTs, while the dual CFTs 
need not be completely identical. In particular, the central charges obtained from new type black 
holes and BTZ black holes should be matched for a suitable adjustment of parameters which is 
necessary for the existence of new type black holes in the gravity Lagrangian. This matching of 
the central charges was confirmed as that is the case in Ref. |33| . It seems that this correspondence 
allows one to obtain conserved charges for new type black holes through the formulae for the BTZ 
case Eq. ([1]). However, mass of new type black holes obtained as conserved charge in [23] is not 
consistent with this argument. We will resolve this issue by reexamining mass of new type black 
holes as conserved charge by comparing the procedure in the warped AdS black hole case. 

The following sections are organized as follows. In section 2, we briefly review the so-called 
ADT currents, potential and charges |26j [27] [28] . and present their explicit expressions for NMG. 
We give the generic expression of the ADT potential for scalar curvature square and Ricci tensor 
square, which is applicable in any dimension. We obtain the vector expression for ADT charges, 
in SL(2, R) reduction formalism, of (warped) AdS black holes and its relation with super angular 
momentum in section 3. In this section, we present mass and angular momentum of black holes as 
conserved charges. This confirms the suggested expression for these charges and verifies the first 
law of black hole thermodynamics. In section 4, we comment on conserved charges for new type 
black holes. In the final section, we summarize our results with some comments on our approach 
and on the open issues. Some calculational details are given in the Appendices. 



2 Conserved Charges in New Massive Gravity 

Usually, it is not so straightforward to define conserved charges in a theory with general covariance, 
since the concept of conservation requires the choice of time coordinate but general covariance 
denies the preferred time coordinate. However, for asymptotically fixed spacetime, it seems to 
be manageable to define time coordinate in a canonical way. For instance, asymptotically flat 
spacetime allows so-called ADM formalism. In the case of asymptotically AdS spacetime, one needs 
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to devise another approach. In the following subsection, we will review the approach pioneered by 
Abbott, Deser and Tekin (ADT) [26] [27] [28], and successfully applied to the TMG case [6][34J. In 
the next subsection, we present our results of ADT charges in the NMG case. 



2.1 Review: ADT formalism 

One way to define conserved charges in gravity theory is to construct covariantly conserved currents 
and to integrate these currents. In this subsection, we review the so-called ADT currents, ADT 
charges and their construction in terms of the linearized Bianchi identity and a Killing vector. This 
process with minimum assumption in TMG is given in [6], which is adopted and presented in our 
convention. 

An arbitrary metric, can be expanded around the background metric g^ u as 
where the background metric will be taken as the solution of equations of motion (EOM) 

Ms) = °- (3) 

In the following, we will call the left hand side expression of the above equation, £„„, as the EOM 
expression. Note that the EOM expression need not vanish for a generic metric g^ v . 

For any kind of gravitational theory without matter, the general covariance of gravity leads to 
the following differential Bianchi identity for an arbitrary metric g^ u as 

V^ u = , 

which imposes the linearized Bianchi identity on the linearized EOM expression, 8S^ V , through 
EOM for the background metric g^ u , as 

= . (4) 

Note that this expression is nothing but the equation for the covariant conservation except that 
the conserved quantity is a symmetric tensor, not a vector. From now on, the bar notation is 
dropped and so the covariant derivatives and curvatures are referred to the background metric for 
our convenience. 

The ADT currents are defined by the contraction of the linearized EOM expression, 58 and a 
Killing vector £ as 

jm = ssf w£ v . ( 5 ) 

One can see that these currents are conserved covariantly by the linearized Bianchi identity of 
5£^ u and the Killing property of £„. Under EOM of the background metric, antisymmetric tensor 
potential, Q^ u for this current can defined by 

= Vu Q^ , (6) 
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which guarantees current conservation by the antisymmetric property of the potential Q^ v . Though 
this is a legitimate way to obtain the potential of currents, it is not convenient one, since we should 
impose EOM to define the potential. 



The current, itself, may be defined without EOM although its conservation requires EOM, and 
it is not so favorable to use EOM for a generic higher curvature theory. Therefore, it is desirable 
to define the potential, Q without EOM. That is to say, the potential needs to be defined for a 
generic background. This can be achieved by defining the antisymmetric tensor potential, Q^ u for 
the current as [6] 

= 5£^Cu = -£^h av C u + \e£ a ^Kp - \hE£? + V V Q^ , (7) 
which reduces the previous definition of the potential when EOM is imposed. 

Noting 
one can see that 

g^5£ au C = brScatf + \e£ aP K p - \h£^ + V V QT • (8) 
This is the form that we will utilize to obtain the ADT potential and subsequently ADT charges. 

In terms of this potential for the current, ADT charges for a Killing vector £ is given by 

m = ^S dE ^(0, (9) 
where 2k 2 = 167rG is the Newton's constant. 

Using the ADT potential and denoting time, radial and angle coordinates as (t, r, (f>), one obtains 
mass and angular momentum in the three dimensional case of our interest as 



(10) 



where £t and denote the time translational and rotational Killing vector, respectively. Note 
that the normalization of Killing vectors has effects on the overall scale of conserved charges. So, 
we will adopt the convention used in [33] such that in the case of asymptotic AdS space of the 
radius L normalized at the spacelike infinity as £j* — > —r 2 and £^ — > L 2 r 2 with gu — > —L 2 r 2 and 
<?00 — > L 2 r 2 , Killing vectors are taken as 

P = ±-* P = ± 

?T Ldt' ^ R d<f>' 

which is the convention we will use in the following. 

We will illustrate the above procedure for the Einstein-Hilbert term with cosmological constant 
in the Lagrangian, C = R + p. The metric variation leads to EOM expression as 

£fJ,U = Rflf nfl/lf I R 
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To obtain the ADT potential for ADT currents, we compute the linearized EOM expression with 
the contraction of a Killing vector £ in Eq. ([8]) as 

For our convenience, let us introduce 

1^ = SR^ - -g^SR , (11) 

which satisfies 

= 9>* a (5R a p - ^gapSR)^ 

= le(v a V»h ua + V a V u h» - V 2 K - VV,/i) - \e(y a V P h afj - V 2 h - KpR^) . 
After combining terms to form antisymmetric total derivatives through Leibniz's rule, one obtains 
T%? = V V Q% + \^KpR a ? + ~ hV 2 ^ + ~£" V". V„]/i£ + h» a X7 u X7^ a - h^V 2 ^ a , (12) 
where 

Q% = £ Q V W a - ^V a h^ a - h a ^V a £ u] + &V u] h + ^hV^ u] ■ (13) 
Using the properties of Killing vectors and the definition of Riemann tensors, one obtains 

= V V Q% + h^R av e + \^R aP h af} - \Rti v h . (14) 
As a result, one can see that 

gp?6£i = hre*? + - \^ R X + v,q^ , 

and that the ADT potential for Einstein-Hilbert terms is given by the above Qj[- 



2.2 ADT Potential in NMG 

Now, let us consider ADT potentials in NMG. We will consider the simplest version of NMG of 
which action is given 



2 1 

aR+ -=■ + -^K 



(15) 



where rj and a take 1 or —1, and K is defined by 

3 



K = R^R^ - -R 2 . (16) 



1 We have introduced r\ for the various sign choice of terms in the action. 



5 



Our convention is such that m 2 is always positive but the cosmological constant I 2 has no such 
restriction. The EOM of NMG is given by 



oG 



fii/ 



I 1 v 

p9^+ 2m 2 » u 



0, 



(17) 



where 



K„ v = g^ u (sR a pR a0 ~ y r2 ) + \ RR »» ~ 8R^K + \ (4V 2 iV - V M V,i? - g^R) . (18) 



Since the ADT potential is additive, it is sufficient to present the ADT potential for ET-term. The 
ADT potential for the JC-term may also be obtained by adding the contribution from R 2 term and 
R2 = R^R^ term. In the following we present the ADT potential for R 2 and R2, respectively. 
At this stage our results are independent of dimension. Now, let us consider each contribution 
separately. For the R 2 term, the EOM expression is given by 



E H - 2 



1 



:9nvR 



RRfiu + g^V'R - y^vR 
It is straightforward to obtain its variation as 

V,(v 2 i? - ^R 2 ) + SRR^ + g^V 2 5R - V„V V SR + RX I 
h afi V a V p R - g af3 5T^V u R 



(19) 



-5£ R2 
2 » v 



+9, 



+ 5T%V a R. 



Noting that 



^V 2 5R - {"VVvSR = V u \2^V u] 5R + 5RV [fl ^ ] ] - 5RR^ U 



(20) 



one can see that 



+ Kt u (y 2 R - -R 2 ) + RX%i v 



pv 



(21) 



Using the following formula 

-e 



h a pV a V?R + g^dT^VvR + g^t u 5r« u V a R 



tH^ a V a R + Q%V U R - h» a ev a V p R + ^ v VV,iJ - ^eh ap V a V p R , 



-v,. 



and recalling the identity (114ft with Leibniz's rule, one can see that the ADT potential for the 
contribution of R 2 term is given by 



Of 



u ,, 2RQ% + 4^V v] 5R + 25RV ltM C ] ~ 2^h u]a V a R . 
where is defined in Eq. (|13|) and 5R means that 

5R = -R af3 h a p + V a V^K p - V 2 h . 



(22) 
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Now, let us turn to the contribution of R2 = R^ U R^ U term to the ADT potential in K-term. The 
EOM expression of R2 term is given by 

£^ = -2R mf}v R a P + V 2 i^ - V M V,i? + (v 2 ,R - R a pR a ?) , (23) 
and its variation is 

<^ 2 = \ V ( v ' fi - ^/3^ a/? ) " 2{5R^ v R a ? + R^5R al3 ) - ^5(R a pR a P) (24) 



+^V 2 «? - V^ U 5R + V%„ - Vih^R^) + -V a hV a R^ + 



I 
2 

-2ST^V a R Pu - 25T^ au V a R^ + \ 9llv \ - V a {h aP V^R) + \v a hV a R\ + 6T« u V a R , 



where 



F.u = -V a STiR pu - V a 5Ti u R^ . (25) 



To obtain ADT potential according to ([8]) in the squared Ricci curvature case, let us write the 
contraction of linearized EOM expression with a Killing vector as 



where 



g^8£ pu e = \KC (V 2 R - R a pR aP ) + E% + E* + E% + E% + Eg , (26) 

B% = -2g^6(R pa p v R^)-±eS(R a pR a P)-2eSTLV a R%, 

E% = ^V 2 5R - ^VvV^dR + TV 2 X^ - g W£, v R u pSJ a 8Yi p - CR%V a 5T? au , 

E% = -2gW^5rP p V a R^-eV a (h a PVpRZ), 

K = -\eVa{h a NpR)+gWC8T a pv V a R, 

£5 = \eV*hV a Ri + - A eV a hV a R. 

Collecting various contributions from each E£ term which can be obtained by using formulae in 
the Appendix A, one can obtain the contribution of the squared Ricci curvature R2 = R^R^ to 
the ADT potential as 

0% = 2^R^Vph^ - 2£ a Rt 3 ^V u] h Q p + 2R af3 ^V u] h a p - 2R a P^V a h$ + 2h af3 V a {^R$) 
+R^ ap e^ 1 h^ - 2^R 1 a ^V a h u ^ + 2£ 7 i? 7 a/3[ ^/i Q/3 

+V 2 Q£T + R^Qf + 2Q^X ] + 2^V /] 5R - 2£ a R , £V l3 h^ - 2V a ^V a V ltM h u J 
+2^h a ^V Q R u J - £H v]a V a R 
+2R al3 h a ^V u k 13 - 2h a ^R 1 a ^V^C 

-R^^V^h + i a R^V u ^h + ^R^ a V a h - 2hR^V v k a ■ (27) 
Using three dimensional identity, R flu a/3 = 2(5^aR u J — d^Ra) — RSa'S'g, one may rewrite Q^ 2 as 
Q>g = V 2 Q^ + X -Q% - 2Q a ^R^ - 2V a fV a VH 1/ f j - 4?'R a f)VH v W - Rh&V^e 
+2^R^V p h aP + 2Z a R a ^Vph^ + 2£ a h^VpR$ + 2h a/3 ^V a R u J 
-(5R + 2R aP h a p)V [ »e ] ~ 3£ a R [ £V u] h - ^R v]a S/ a h . (28) 
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One of our main results is the explicit expression for the ADT potential for the K-term in NMG, 
which is given by the sum of two expressions in Eq. (j22[) and Eq. (|28[) as 



Qk = Q% ~ §Q£ ■ ( 29 ) 

In the following sections, we give the ADT potential and for each Killing vector, £t and 
£r on various black holes. The mass and angular momentum obtained by these potentials confirm 
suggested expression for those quantities. 



3 Mass and Angular Momentum as Conserved Charges 



In this section we will relate ADT charges or potential to super angular momentum by Clement. 
Before presenting our results, we review for completeness briefly SL{2, R) reduced action method 
which is useful particularly for the three dimensional gravity [20j[35j[36j After that, we present 
the so-called correction term to mass in super angular momentum formalism by using the explicit 
expression of ADT potential. 



3.1 SX(2,R) Reduction Method 



Let us take the three dimensional metric ansatz as 

ds 2 = X ab (p)dx a dx b + , x a = (t, </>). (30) 

where all variables are functions only of the radial coordinate p. By the reparametrization invariance 
with respect to p coordinate, function U may be chosen such that the condition det A = — U 2 is 
satisfied. This choice implies that y/—g = 1/C This metric ansatz reduces the given generally 
covariant Lagrangian to the SX(2,R) ~ SO(l,2) invariant one. This means that the relevant 
variables becomes the SO(l, 2) three dimensional vectors and differential geometric calculation 
reduces to the vector calculus. In particular, Einstein equations reduces to the equations obtained 
by the variation with respect to the two dimensional metric A and the one with respect to £. These 
equations are called EOM and Hamiltonian constraint, respectively in this <SX(2,R) reduction 
formalism. Using the vector expression for EOM, one may integrate EOM to obtain some conserved 
quantities, which is the analog of angular momentum in mechanical problem: This quantity is 
named as super angular momentum [3]. 

Explicitly, one may parameterize generic symmetric two by two matrix A as 

X° + X 1 X 2 \ 
X 2 X° - X 1 ) ' 

and associate a 50(1,2) three dimensional vector X = (X°, X 1 , X 2 ) with this matrix. Conversely, 
the associated matrix with a vector X is denoted by (X) and given explicitly by 

(X) = r • X = y x0 * xl X x \ X J , 
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where 



-1 

1 



1 

1 



-1 
1 



Note that X 2 = — det A = U 2 . Then, the above matrix A can be written as A = r (X) and its 
inverse is given by A -1 = — t/~ 2 (X)r°. In terms of A and U, the connections of the above metric 
ansatz is given by 



1 ab 



t 2 

^ TT 2 \' 



PP 



' u 



dp 1 



which are subsequently written in terms of X and its derivatives. All other relevant differential 
geometric quantities such as the deviation metric h and curvatures can be written in terms of vector 
X and its derivatives. For this purpose, it is useful to define the inner and cross product of SO(l, 2) 
vectors in the standard way as 

A B = THjA'B* , (A x Bf = rf m e mjk A^B k , (e 012 = 1) 

and note that the product of two matrices dual to vectors A and B is given by 

(A)(B) = (A-B)l + (AxB). 

For instance, one can see thalU, 

5U 



U ' 1 /TV 



x'x- 1 



u 



U ' 1 /TV 



where L and X! are defined by 



L = XxX', £ = Xx<5X. 



Some other vector representation of geometric quantities and useful vector identities are given in 
the Appendix B. 

For the given metric, the Killing vector is taken as = (k a ,0), which include £t and (,r as the 
special cases. For this Killing vector, one obtains 



V^a = -V a £ p 



:(kX') a , 



V & = . 



Now, one can see that the ADT potentials for Einstein-Hilbert term, of which specific component 
leads to mass and angular momentum, are given by 



Qt 

Qr 



o. 



2 r XTT 

kxNM + {X- l 5X)' + 2—X- 1 X')x- 1 



2 



e 

2 



' ; - U 



(31) 



2 From now on, we will drop the identity matrix notation, 1 just for notational convenience. 
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where we used various formulae given in the Appendix B. Note also that 



SR = VVV - V 2 /i - R^h^ 



3X' • 5X! + 2X • SX" + 2SX • X" 



(32) 



Since the vector representation of the ADT potential for K term is somewhat involved, calcula- 
tional details are relegated to the Appendix C. Collecting all the terms in Appendix C and using 
vector identities in the Appendix B, one can obtain the vector representation of the ADT potential 
for K term and then see that 

L [ 2 

c 2 



V 



m 
1 



pt 
2^K 



SJ + A 



Cor 



pt 



S(J° - J 1 ) 



(33) 
(34) 



where J = (J , J 1 , J 2 ) is given by 



c 2 



2L x L' + X 2 L" + -(X' 2 -4X-X")L 



(35) 



The above J vector is the so-called super angular momentum in NMG, and Ac r 1S the- so-called 
correction term to mass. The correction term to mass is composed of two parts, one of which comes 
from Einstein-Hilbert term and the other from K-teim as 



A C or = A R + A K . 



Each term is given by 

c 2 



Ar 
A k 



r/cr- 
z 

c 4 



(X • SX'] 



U 2 (X" -fiX') + 



u 2 



(USU)'" - (X • SX')" - -(X' • SX' 



(36) 

(37) 
(38) 



UU' 



(USU)" - -(X' -SX') 



+ 



X 



12 



(UU')' (USU)' + UU' (X" • SX) 



+ 



r5 



(UU' 



21. 



X 



/2 



(X-<5X') + [-i([/[/ , )" + ^(X / -X / ') 



-4 V ' 16 

Finally, mass and angular momentum in NMG can be obtained by 



USU 



M 
J 



1 



— V-detgr) aQ% + —Q 
4G l m 



1 



rt 

2^K 



AG 



> > °° 



(39) 
(40) 



The above super angular momentum has been obtained by integrating the EOM of NMG once, 



as 



c 2 



X 2 (X x X'" - X' x X") + 2(X • X') L' + -X' 2 - -X • X" L 



1. 



(41) 



which is identical with the above form of the super angular momentum under the choice^] of r] 
a = — 1 as one can verify from the vector identities in the Appendix B. 



This is the sign choice in [20]. From now on, this sign choice is assumed for the W AdSs case. 
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3.2 Mass and Angular momentum of BTZ and Warped AdS$ Black Holes 



Through the SX(2,R) reduction, black hole solutions may be represented in terms of a SO(l,2) 
vector X. More explicitly, the EOM and Hamiltonian constraint in the NMG case given as (2.14) 
and (2.15) in [20] can be solved by a suitable choice of a vector X, which in turn leads to black 
hole solutions. Since BTZ and three dimensional warped AdS {WAdS^) black holes are already 
obtained in this way [6] [5], we give their corresponding vectors in the following and then present 
their mass and angular momentum. 

Using SO(l, 2) vectors corresponding BTZ and WAdS% black holes, we present mass and angular 
momentum for each black holes. First, BTZ black holes can be represented b}Q 



X = prj + $ ■ 



(42) 



where 



77 = (0,-L 2 ,0), 



f2 j2 

~2^p+ + p-)> y^ p+ + p ~^ l2 ^p+p- 



This vector X with ( 2 = 4/L 6 leads to BTZ metric as 



ds 2 = L 2 



(p- P+)(p- P-) 



dt 2 + p(d(p+ ^ P+P dt] 2 
v P 



dp 2 



4 (/> - P+){p ~ P-) 



and super angular momentum as 

c 2 



J = 7] 



8m- 



V 



/ 1 \ r L 
(£ x rj) = rj(a + 2=27-2) [L^p+p^ - — (p+ + p_)e 2 



(43) 



(44) 



(45) 



where e\ = (1,0,0) and e 2 = (0,0, 1). One may note that EOM and Hamiltonian constraint lead 
to L 2 = l 2 /2-(a± y/l-l/mW) in this case. 

To obtain WAdS$ black holes, one takes the SO(l, 2) vector X as 

X = p 2 a + p/3 + 7 , 

where a,f3,-y can be chosen as 



l _i 

2' 2' 



0), p=(u,-u,-l), 1 = 2ua + (l- p 2 )(\,\,-u) 



Here, u is defined as 2u = (1 — f3 2 )oj 2 + ■ These vectors form a 5*0(1, 2) basis and satisfy the 
following properties 



a 2 = 0, (3 2 = 1, -f = -Fflo, a-p = 0, a- 7 = --(l-^), /3- 7 = 0, 



1-P' 



a x (3 = —a , /3 x 7 



a — j , 7 x a 



1 



(l-/3 2 )/3. 



This is not unique choice for two vectors, since one may perform 5*0(1, 2) transformation to these. 
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This 50(1,2) vector X leads to the WAdS 3 black holes metric as [3J[20j 



ds = ^2 d * + ^2^23^2) +Z ^2 ' (46) 

where Z 2 is defined by 

Z 2 = / , 2 + 2, /)+ (l-/5V + ^| 1 (47) 

and to satisfy the Hamiltonian constraint in this case, £ should be taken as ( 2 /m 2 = 8/(21 — 4/3 2 ). 
Note that for this vector X one obtains 

L = (P 2 ~ T^f> ) a + C 1 " ^ 2 )^ + 7 > L x L' = (1 — /3 2 )X . (48) 

The background metric and the related basis vectors o.b, PbjIb can a l so be defined by setting 
w = Po = in the above expression and, satisfies the similar properties. 

Before presenting the result about mass and angular momentum of BTZ and WAdS^ black holes 
in NMG, we need some remarks to clarify the super angular momentum approach focusing on 
the BTZ case of pure Einstein-Hilbert gravity with cosmological constant. The super angular 
momentum of pure Einstein-Hilbert gravity is simply given by 

L = X x X' . 

Since this is obtained by integrating EOM once in the vector representation and can be shown to 
be conserved, in general it may contain the non-linear effects. That is to say, at the non-linear 
level, conserved charges are related to subtraction of the background values from the black hole 
ones 

AL = L - L B = AX x X' B + X B x AX' + AX x AX' . 

Since X is already linear in some sense, the linearized version of this subtraction in super angular 
momentum, which will be denoted as <5L, may be taken as the sum of the first two terms in 
the above expression for AL. Incidentally in the BTZ case, the last term vanishes automatically 
and there is no difference between linear and non-linear version. Noting that the contribution of 
correction terms to mass vanishes in the case of BTZ black holes , one can see that mass and 
angular momentum of BTZ black holes are given by 

which is consistent with the results from other methods 1 33 1 



However, the situation is different in the case of WAdS^ black holes. To get the correct angular 
momentum in this case, one should consider the full non-linear effects. Therefore, one should 
elevate the expression of the ADT potential for angular momentum in Eq. ([340 to the non-linear 
subtraction form. Concretely, the angular momentum expression is read as 



£ A(J° - J 1 ) 



(50) 
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It is interesting to note that this procedure has no effect on mass computation. As we will see in 
the next section, it turns out that even mass needs non-linear correction in new type black holes. 



One way to understand the necessity of this non-linear completion for angular momentum and its 
irrelevance for mass in the case of WAdS$ black holes is to pay attention to the contribution from 
Einstein-Hilbert term and if -term separately in the Lagrangian. Though each contribution to the 
angular momentum from the Einstein-Hilbert term and the iT-term is divergent when p goes to the 
infinity, the sum of them is not divergent and gives us the next leading finite contribution, whereas 
this is not the case for mass since each contribution is finite. Recalling that only the linear metric 
deviation is captured in our formalism of the ADT potential, the cancelation of the leading 
contribution of the ADT potential indicates strongly that it may be insufficient to consider only 
the linear level contribution. Specifically, the quadratic order contribution in hn V would leads some 
corrections to the finite result of angular momentum. Without resorting to another formalism, one 
can obtain the correct value of angular momentum through super angular momentum, since super 
angular momentum is the complete non-linear integrated charges. 



Taking into account the previous remark and noting 



Aa = 0, Ap = 2ua, Ay = 2(11 - (1 - /3 2 )o; 2 )o: + (1 - /3 2 )w/3 , 



one obtains 



AJ 



AL 



2 



m 



16 



21 - 4£ 2 
16 



2(1 - (3 2 )AX - 2f3 2 p 2 a + -(5 - 4/3 2 )AL 



-(/3 2 (l-/3 2 ) 
/3 2 ((l-/3 



u> 2 + 



I-/? 5 



q + /3 2 (1-/3 2 )w/3 



21 - 4/3 2 

and the correction terms to mass are given by 

c 2 



2 V 



Pi 



cx B + p 2 (l- P 2 )u(3 B 



A, 



■(!-/?>, 



A 



K 



c 4 



2 " ' " 16m 2 

Finally, mass of WAdS% black holes is given by 

4C/3 2 (l-/3 2 )a; 



(21 - 20/3 2 )(l-/3 2 )a;. 



and their angular momentum by 

J = 



M 



2/3 2 C 



G{21 - 4/3 2 



G(21 - 4/3 2 



(1 - f3 2 )u 2 



1-/3 2 



(51) 



(52) 



(53) 



This result about angular momentum is already in [20]. But, mass is obtained by assuming the 
validity of the first law of black hole thermodynamics or through AdS/CFT correspondence not 
as conserved charge. Our explicit computation of mass as conserved charge in Eq. (|52p through 
Eq. (|33p verify the first law of black hole thermodynamics and checks AdS/CFT correspondence 
in this case. Note that the correction term to mass gives us exactly the same value with the super 
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angular momentum and mass becomes twice of the value given by super angular momentum. This 
result confirms the form given in [20 [33 . 



For comparison, let us present the linearized version of A J, denoted as 53 

C 2 rfn/1 o2wr,i ao2\..„ /rr Aa2\ffi o2\. .2 , P 2 Po 



S3 = 5L- 



8m 2 



2(l-/3 2 )(21-4/3 2 ) W/3 -(5-4/3 2 )((l-/3 2 V 2 + I ^)]« B +(21-20/3 2 )(l-/3 2 V / 3 B 



As can be seen easily, the nonlinear effects in J come from AL and AX 2 . 



4 The Conserved Charges of New Type Black Holes 



In this section we confine ourselves to the simplest version of new type black holes: static non- 
rotating ones. Though the mass of new type black holes are already computed in the linearized 
ADT formalism [24J[25J, it is inconsistent with AdS/CFT correspondence as was shown in [33J. 
We reexamine mass of new type black holes as conserved charges by using the formalism presented 
in the previous section. As the case of WAdS^ black holes, in which the ADT formalism needs 
to be supplemented by super angular momentum to obtain correct angular momentum of black 
holes, it turns out that even mass needs non-linear corrections in the case of new type black holes. 
Therefore, we rederive new type black hole solutions in the SL(2, R) reduction formalism, and then 
present our results about mass of new type black holes. 

In order to get the new type black hole solution in SL(2, R) reduction formalism, we can take 
the vector ansatz as a form 

X = pr] + y/pn + £ . (54) 
For the above vectors, we need to impose the following conditions 

K 2 = 0, £2 = Q) K-£ = 0, (rj-K)S-{T]-Z)K = 0, (55) 
which can be satisfied by taking 

H = (0-L a ,0), n=[~ b -L\- b -L\^Y £ = {-°-L\ o) . (56) 

EOM and Hamiltonian constraint are given by 

V 2 -8a^jK = 0, -tff-a— 2 r, 2 + ^72 = 0, (57) 

which lead to £ 2 = 8m 2 /L 4 = 4/L 6 and I 2 = 2L 2 , respectively. It turns out that the sign choice of 
77 = a = 1 is necessary for the existence of new type black holes. The above vector X leads to the 
metric of new type black holes in the form of 



ds 2 = U 



(p + b^p + c)dt 2 + pdcj) 2 + 



Ap(p + b^p + c) 
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with Q 2 = 4/L 6 . By the coordinate transformation p = r 2 , new type black hole solutions become 

dr 2 



ds 2 = L 2 



(r l + br + c)dt z + 



(r 2 + br + c) 



(58) 



which is the form given in |16| . 



To obtain mass of new type black holes, we compute the super angular momentum and correction 
terms to mass. By inserting the above three vectors 77, k and £ into the formula (|35p .we obtain 
super angular momentum in the form of 



c 2 



8m 2 



r) 2 £ x t? + (77 ■ n)(r) x k) 



(59) 



As can be shown from (I37p and (j38[) . correction terms to the mass in new type black holes are given 
by 

( 2 L% b C 4 L% b 



A 



R 



2 4 v r 2L 2 V r > ^ m 2 g 4 vr 2L 2 

Note that the total contribution of correction terms to mass vanishes. Finally, one can see that 
mass of new type black holes is given by 



M 



1 



AQGL 



C 2 



b 2 -4c 
16G 



(60) 



which is consistent with the result by AdS/CFT correspondence and satisfies the simple form of 
the first law of black hole thermodynamics as [33] (See [31] for the extension to the the case of 
rotating new type black holes) 

dM = TdS B H ■ 

This shows us that AdS/CFT correspondence may be used as a guiding principle to obtain physical 
quantities for gravity. As we have already seen in the above results, there is no non-linear effect 
in the mass correction terms. The non-linear contribution comes only from the super angular 
momentum. 



5 Conclusion 



In this paper we have obtained mass and angular momentum, as conserved charges, of several 
black holes in the so-called new massive gravity(NMG) in three dimension and confirmed the 
validity of first law of black hole thermodynamics and/or AdS/CFT correspondence in this case. 
At first, we obtained the ADT potential for the scalar curvature square term and Ricci tensor 
square one in arbitrary dimension. This leads to the ADT potential for the NMG case, which 
is our main interest. Then we obtained conserved charges of various black hole solutions, which 
have at least two commuting Killing vectors. To obtain conserved charges consistent with the first 
law of black hole thermodynamics and/or AdS/CFT correspondence, we have used super angular 
momentum method in the SO(l, 2) reduction approach supplemented by the ADT formalism, which 
is developed by Clement [35j[3j[6j. In the following, several comments are in order. 
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It has been well known that conserved charges in gravity with higher derivatves are difficult to 
define. There are attempts called the ADT formalism to accomplish this goal [26]~[28]. which 
may be regarded as a natural generalization of the famous ADM formalism. Applying this linear 
ADT formalism, some charges consistent with the first law of black hole thermodynamics are 
computed and presented in the Appendix D. Though this approach is covariant, this basically uses 
the linearized peturbation around the given background and so might be incomplete. 

On the other hand, especially in three dimensional case, there is the so-called super angular 
momentum method [35] [3] which is not fully covariant but may capture non-linear effects. The 
nature of super angular momentum as the non-linear conserved quantity comes from the fact that 
it is obtained by the first intergral of equations of motion without perturbative expansion. Though 
super angular momentum leads to correct results in some cases, it turned out to be inconsistent with 
the first law of black hole thermodynamics in the case of warped A0IS3 black holes in TMG, and 
then it was shown that there is a way to overcome this difficulty by supplementing super angular 
momentum with the ADT formalism [6]|20|. That is to say, by comparing the ADT charges with 
the linearized super angular momentum a linear correction term to mass was shown to exist in the 
super angular momentum side. Though there is no a priori guarantee for the absence of non-linear 
effects in the correction term, it was sufficient for the purpose. 

After the advent of AdS/CFT correspondence there are approaches using boundary theory [29] 
[33J [32j[31j to define the bulk AdS conserved charges. Though this approach is covariant and can 
capture non-linear effects, it is applicable only to asymptotically (warped) AdS space. Furthermore, 
one may need some additional information to define conserved charges in this approach and it is 
difficult to apply this method to some cases, for instance, to warped AdS% black holes without a 
priori inputs. 

In this paper we have adopted Clement's hybrid formalism of super angular momentum method 
and ADT approach to obtain mass and angular momentum of various black holes in the NMG case. 
This hybrid formalism gives us results consistent with the first law of black hole thermodynamics 
in all the cases considered in this paper. Since AdS/CFT approach leads to the same results with 
ours in all the cases, our results can be regared as consistent with AdS/CFT correspondence. 

In the present state of things there are no completely satisfactory covariant non-linear method 
to define conserved charges in general. Several approaches have their own merits and demerits as 
was commented in the above. It will be very interesting to improve this situation and resolve some 
issues, for example, whether or not the non-linear effects exist generically for the mass correction 
term in the hybrid formalism. 
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APPENDICES 



In this appendix, some calculational details are given. In section A, we present some details for 
ADT charge computation and in section B give various formulae for vector calculation. In section 
C, some details about vector representation of the ADT potential are given and the ADT potential 
in Schwarzschild coordinates are given in the appendix D. 



A The Formulae for the ADT Potential Computation 

Some Killing vector properties: 
Our curvature convention is 

which implies for a scalar S 

[V M , V 2 ]S = [V„, V„] VS = -R^VS . 
Covariant derivatives of Killing vectors, £, satisfy 

V^V^a = -R^Zp , V 2 ^ = -RPJ? . (A.l) 

and 

C ( R = e^^R = 0, 

C^V^R = rv a v M i? + v a i?v M r = 0, 

^Rfiu = £, a V a Rfj,v + R(ux^ v ^ a + Rva& iJi a = . 
Bianchi identity and the Killing property lead to the following identity 

iW^V = ^p^V^ . (A.2) 

The variation of some quantities 

5T% = ^(V^+V^-V a v), 

V*8T% = -g^SR^-^V^h + V^V^, 
8(V 2 R) = V 2 5R-h a pV a V fj R- g a HT v ap V u R 
= V 2 5R-V a (h a ^V l3 R) + ^V a hV a R, 

5(V 2 R^) = V 2 6R lu ,-h afi V a V f, R IJa ,-g af, 5rZf i V v R lu , 

-V a (5T^R^) - V a (5r? u R^) - 5T^V a R Pu - ST^VR^ , 
5{R aP R a P) = 2h a PR pa p a R p ' 7 + R afj [v Q V 7 /i^ + V /3 V 7 / l 7 " - V a V^ - V 2 /i a/3 
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Some formulae for Qr 2 computation: 

Each E% (a = 1, 2, • • • , 5) term is computed separately, as follows. First, let us consider term. 
The same term may be subtracted from and added to E± just for our calculational convenience. 
Then, the E± term becomes 

E? = -W a R apuu RP°e + (R^ u + 2R^J)?R}h'# + ^RyaR 1 ^ 

+A{ - l -eR aP V 2 Kp + A%- R^ffrVaKyv - V 2 /w) - 2?5T&,V a R% 



where 



At = -R aP ? (y^Kp - V„V Q /$) - eR aP (V - V 2 /i Q /») 

= V u 2R a P^ fl V u] h al3 -2R a ^ fl V a h l/ f } 

= ( V/3Va ^ _ VpV»h au ) + R» a e (Vv Q h lv - v 2 h 



A% 



= Vu 



2£?R°&V a h v } ~ 2^R a ^V u] h a , 



+V^Rn(v u h a( s - V Q /#) + V^R» a )(^h af3 - V a /#) , 

= -2R» a iCSRaf3 ~ 2CR 1 aPuV V VH a ^ 



v„ 



r/V/ - 2CR^ [fl V a h u f j + 2CR^ [fl V' /] h^ 

+v v ^R^){y a h^ - vhap) + v^vR^n^Kp - v a hf) 

-R^Rjh^ - R^R^Kp - ^Wh. 
For and one can see that 
Al + A% - 2C5rP u V a R% 

= V u 2t > a R^Vph$ - 2eR^V v] K p + 2iT /3 ^V^/i a/3 - 2R al3 ^V a h^ + 2/i Q/3 V a (£^ ] ) 

+ e 7 v 7 i?^(v^ Q/3 - v«>$) - v^Bf^Vhap - h^v u Vfs(eRa - CK) ■ 

For A%, one may note that the following identities 
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h a ^ v V p (eR u a - ?K) = h^{v a R^VfsC + ~V QJ RV^) ~ h * ? (r&R Pv - R% V R] 

+eh aP (R ya R} + Rap*pR pa + \v*VpR) ■ 
Collecting various expression in the above, one can obtains E^. 
For the calculation of E^ term, one may note that 

V 2 V U Q% = V u [v 2 Q^ + R^Q^ + 2Q a ^R$] + R^ u Q av , 

which leads to 

= V, [v 2 Q£T + R^^Qt + 2R^Qf - 5RVH U] 

-2 9 ^vjR pa v u e + v 2 (y^r + - \®z?ty 

+ Rme + sRRte - r^r^c + ~r# pCT v - l^ch 



Noting that the following formula 



2g^V u 5R pa V u C 



-2V U 



V^^V^ 1 ] + \R" vol ^ a i P V v h - 2CR ia ^ u ^h a ^ 



+R' l au ^ u C(^K-v a h^) 



1 



and the formula containing the F pv term in (|25p 



v,. 



+v^(r^)v a /»' 



a/3 



+R»hP°R?C + hTR a pR?X + R^R^h 



a/3 



one can obtain £2 expression. 
Formulae for remaining E£ are 



V, 



2^h a ^V a R^] - W a e(R apau RP° + iv«V v 12 + RapR? 



a -r v /I.Q./3J 
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El = V u 



E 5 = -ev a hV a R£ + -eVahV a R. 



B Identities and Useful Formulae for Vector Representation 



Ricci tensor and scalar curvature are given by 



m = -^[(uuy + (Ly 



2(UU')'-~X. 



12 



R 



■ [4(1717')' - X' 2 



4X • X" + 3X 



12 



(B.l) 



Covariant derivative of Ricci tensors 



V P R p p 



p 

V a R p h 



(Rpy = _( 2 \(uu')" - x' • x" 

[r^j + ^xr c Ri- l -R b c (\- i \r a 

-£[{uur + <l"> + lix-'x'V) - MX- 1 *) 
1 



c 2 



V a R b p = Bp* - R b c Y pa = -R p {X X') a ~ MX-'X'Ta = V (" X • X ") + < L '> A A ' . 



-p- pa 

4 



- (X • X") + (L'> 



(B.2) 



Covariant derivative of metric deviation 
V b h a p = 



C 2 / 

V<X = -^-U 2 {X'X~ 1 5X + 2X 



> 6 JL) 

U Kb' 



v c h a b =o, v a K = o, 



v P K = v p h a p = o. 



which imply 



U'5U 1. 



1 



W - 2^ " ^(A^A'A^A) = ~ 



X' • <5X + 2X • <5X' 



V P K = 0, 2V [p hl ] = {X' 1 5X)'%+ l -{X- 1 X'X- 1 5X)t+ 5 -^{X- l xr b . 



Useful vector identities: 



L 

L £ 
L'-S 



2itjI2 



X 



i2\ 



U Z (U' 

U 2 (U'5U - X' • <JX) = U 2 {-U5U' + X • <SX') , 
USUX • X" - U 2 X." ■ 6X , 



(B.3) 
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L-£' 
L'-S' 
L • SL 
L L' 
L'-SL 



LxS 

L'xS 
L x £' 
L'xS' 



USU X' 2 - U 2 X' ■ SX' - UU'(X' -5X-X- 5X') , 
U5UX' ■ X" - UU'X" ■ SX + (X ■ X")X • SX' - U 2 X" ■ SX' 
UU'{USU)' - USU X' 2 - U 2 X' ■ SX' , 
UU'X ■ X" - U 2 X' ■ X" , 

UU'X" ■ SX + (X ■ X") X ■ SX' - USUX' ■ X" - U 2 X" ■ SX' 

1 

-U 2 (SL - £') + UU"E - USUL , 



L x L' 
L x SL 
L' x <SL 



2 

U 2 SX x X" + (X • X")S - USUL' , 
UU'SL - (USU)'L - U 2 X' x SX' + X' 2 S , 

-(X • SX') L' + U 2 SX' x X" + UU'SX x X" - USUX' x X" - (X" • «JX) L 
+(X • X") XxSX' + (X' • X") E , 
C/C/'L' - (X • X") L - U 2 X' x X" , 
(SX-X'-X- SX')L + UU'Y! - U 2 X' x SX' - X' 2 S , 
-(X • SX') L' + U 2 SX' x X" - C/C/'<5X x X" + USUX' x X" + (X" • SX) L 
+(X • X") X x SX' - (X' • X") £ , 
L x S~L' = (X' • <5X) L' - f/ 2 X' x <5X" + UU'X x <5X" - USUX' x X" - (X • SX") L 
-(X • X") SX x X' - (X' • X") £ . 

Note that some vector quantities may be written in terms of other ones as follows 

L x £' = L x SL + UU'(SL - £) + 2(X' 2 £ - X' ■ SX L) , (B.4) 
L • £' = L-SL + 2(USU X' 2 - UU'X' ■ SX) , 

!/■£' = L'-SL + 2 



L' x £' 
L' • (L x £) 



L' x SL + 2 
0. 



^L'.S-^L.L' 

£/ £/ 

— L xL'l — L' x £ + — L ^~ 

u u u 2 u 2 



Conjugation by two dimensional metric A: 
Note that for any vector A one obtains 



A(A)A~ 1 = r° 



(A)-^X-A(X) 



(B.5) 



which leads to 

A(X)A- X 
A(L)A- X 
A(L")A- X 

A(£)A- X 
A(£')A- X 



-r°(X)r°, A(X')A- ] 



2U' 

-^(X) + (X') 
r°(L)r°, A^A- 1 = r°(LV, 

r 97"/"' 91f . X" 

^ (X x X'" - X' x X") + -jrj-(L') - ^^(L) 







r°(£)r°, 


r° 


' 2 




" U 2 



2U' 

ir< s > 



2<5?7 

IT 



(L) + (SL) 
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A(E")A- 1 = r° 



U 2 



X • S"(X) + (£") 



<<5L') - 2(X' x SX') - 2^(L') - ^X • <5X'(L) + 2-^<£> 
+ 4^<Xx5X'> 



A(L x S)A" 1 = -r° L x S 
A(L'xS)A 4 = -t°[l'xS 
and also 



(X'xX")4(L') + ^(L) 



= T 



1 

[72 



LxL'W 



^(A^A'^ + ^A-^^A- 1 = ^X-X / '-X'-X' / + r°^(L , )r°, 



C Vector Representation of Various Terms in the ADT Potential 
for NMG 



In this appendix, we present various formulae for the conjugation by two dimensional metric, A 
or useful formulae to obtain the ADT potential and then present vector representation for various 
terms in the ADT potential of NMG. 



Useful formulae for the computation of 



A(A- 1 5A)'A- 1 



1 

IP 



(USU' - U'5U)1 + r°( - 2^(L) + (<5L))r° 



1 217' 1 

-T^A^A'A-^A) = X • 5X - ^ X' • <5X . 



(C.l) 
(C.2) 



Useful formulae for the computation of Q^'- We omit the obvious matrix indices in the right hand 
side of equations. 



A ac V[^(A-y 6 
A^V^A- 1 )* 



-L(X' • 5X + 2X • SX') + ^j- 2 r°(38L + S')r° . 
^(X' • 5X + 2X • SX') + • (35L + S) 

+t°^(3<5L + £') + J^(X' • «5X + 2X • «5X')L - x (3<5L + £')V 



4f/ 4 



8U 4 ' 



A'A-^AA- 1 = 1^(u'SU-USU' + X-SX')+t°/2^ 
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A(L')A- 1 A / A- 1 <5AA- 1 = ^L' • S + • L' - ijL' • (L x S) 



n/sU'SU 1 T x , <5£/ T / 17' , _ 

+r ((^ + f74 L - s ) L + 773 LxL "Z73 L xS 

+ lL'x(LxS)\r°, 



A(L') 



(A-^A)' + ^A^V 



A- = ^(L'.aL-^L.I/) 



f(LV^((L'xiL) + f(lxL') 



2A(L')V/iA- 1 = 



4U 2 



31/ ■ 5L + L' ■ £' 



+T °( 27^ (X ' • 6X + 2X • 5X ' )L ' + 4^ 5L X L ' " X E ') T ° ' 



A(A- 1 5A)"A- 1 



6_U\" 
U 



^ (SV) - A (X ' x «5X') + ^(2£/'<tf/ - X • 5X')(L) 



^<<5X x X') - 2^(1/) + A (X • X" - UU" - [/' 2 )<£> 



U 



i f («5L') + ^(Lx<5L) + i,(6 



1 /„t/'<H7 „<5i7' 



C/ 2 V" f/2 2 '[/ 



)(L) 



A(A- 1 A'A- 1 (5A)'A- 1 = 



/U'SUV 1 w „ 2 ?7'_ _ i 



1 



517' _*7'<5C/n 17', „, . SU „ h . 1 7?7 /x ' 



- 2 (— 5 



^ j(L) + ^L) + ^(L') + ^(r_) (E> 



+ 2^-<L x E) - (1/ x S) - ij(L x <5L> 
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For a convenience of our calculation, let us set 

A ac (V^) , A- 1 * = J ff + T fl <H)T fl > 



which leads to 



Aac(V [p ^)'A 



c \l\-ldb 



°(-ir + ikvy x ]j^ h w* 



,c y\-ld& 



^(H) + i f iI(L)-i f (LxH) 



r°, (C.3) 



where 



[/' H 1 



[/[/' rT , 3 
+ (V 2 tf 



fI '-J( (, °^) a -i( [ '*4 L - s ) 1 ' 

L-<$l)l 



UU' ,5U\> U' 



4 V U > 2U 3 



T>\ I 



L 2 + ) £ 



V 4 2f7 3 

-1l x ffi' + 5LxI' + |lxffl-iL'xI + - \(UU')'Y x E . 

Some other useful formulae to obtain Q^: 



W 2 



(a'a-^osv^a- 1 " 



TTZtT'Z i T 2 r/7 

4£/ 6 ( X/ • ^ + 2X • «') + • (SSL + S') 



U' 
4U 5 



+r°^(X' • 5X + 2X • 5X')L + ^{U 2 U' 2 + L 2 )(35L + £') 
L x (3(5L + :E')\t , 



-lot 



^(X' • 5X + 2X • 5X') + • (JWL + £') 

■2. . ^ 



+T °( + TP) {36L + S ' } + (^ (X ' • 5X + 2X • 5X0 " 8^ L • {36L + E '>) L 



[/' 
4C/ 5 



L x (3<JL + S') V 



^-'V[»-'V,»-'«]A- = -i^K + £)l x E + 2^(^L - ^E 



Now, we present various formulae to obtain vector expression for each term in the ADT potential. 
Since h = in this formalism, the relevant terms in the calculation of are the following eleven 
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ones: 



r 4 



- ?7 2 (X • <JX')" - UU'(X ■ <5X')' + 



^ ) X ■ <5X' + L ■ 51/ + ^L' • <5L 



kT Q (U 2 5L" + UU'SL' 



6L- (X-<JX')' L 



16 fc 



16 



- -(X • <SX')L' + L x <5L/ — -<5L x L' )r° 
(3(C/C/') / - X /2 )x • <5X' — L'-SL 
kT°(^{X • <5X')L' - (3(C/C/') / - X /2 )^L + 5L x L'^r' 
(4(?7^') / " X' 2 ) (X • <JX') + AU 2 (2{U5U)"' - (X' • <SX')') 
- 2UU'(2(U5U)" - (X' • <5X')) + 4£/<5[/(2(£/£/ / )" - X' • X") 
kT°(U{UU')' - X /2 )^L + 2(2(U5U)" - X' • <5X')l\t° 



(C.4) 



(C.5) 



(C.6) 



-2V a e /3 V a V [ "/i*J 



I L • «5L' + ^(USU)" - ^(12U' 2 - X' 2 )(U5U)' + ^j(W 2 - (UU')' + 2X ,2 )u5U 



4U 
SU. 



+ ^-^i.ir + g 1 . tt + ^. S -gL.L' + (W^ )l . E 



-c 4 



'kr (^fsL' -I L xa + ^LxL'-^L'xS + l(x' 2 - 2(t/t/')') (5L - £') 



(C.7) 



+c 4 

4iJ 



((tf<H7)' + X • <SX') + hj' ■ (35L + £') 



2 v v ' y 4 

^ (^7 (3(5L + + 1 ^ u§u y + x . (jx') 1/ - ^L' x (3<5L + S'))t 



(C.8) 







+c 4 



(C/C/')" + -(X • X")(u'SU + jj^L ■ e) 

- (—1/ ■ £ + — L ■ 1/ ^rL' ■ (L x £))] (C.9) 

°/ Ctftf L" + ^LxL'-I (V'<^ + ^)L' I~L'xS 

\ 4 f/ 4 V U 2 y 4 U 



kr l 



8 V ; 4 V £/ f/ 2 



4 f7 
L I/, 

~W 2 



■S r 
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- Rh [ £V t] C 

2£ aJ R a[p V /3 /i* 1/3 
2h a ^iPV a Rj 



-(4X-X" + 3X /2 ) 



k (X' • SX.) + kT°(-(5L - S'))r° 



(CIO) 
(C.ll) 

fc(X • X')' + fcT (L')T°] *(X' • 5X + 2X • <5X') , (C.12) 

(5X' • X" - 4(X • X')") - (X • X") X' • 5X + (£/[/') X" • £x] , 

(C.13) 



Z-4 

•yfc*(2X • X" + X /2 )(X' • 6X + 2X • 5X' 
2 



-A- 



c 1 



USU)" + (X • SX')' - X" • <5X) [jfeX • X' + fcr°(L)r ]* . (C.14) 



In the above, we have presented all the preliminary identities. All we need to do is just combining 
all the above results and showing the correction term in the mass formula. 



D ADT Charges in Schwarzschild Coordinates 



As was explained in the main text, the linearized ADT formalism is insufficient to obtain the cor- 
rect angular momentum of W AdSz black holes and even mass of static new type black holes. To 
obatin the correct result which is consistent with the first law of black hole thermodynamics and 
AdS/CFT correspondence, we adopt the approach augmented by super angular momentum. How- 
ever, linearized ADT formalism is enough to obtain mass and angular momentum of BTZ black 
holes and mass of WAdSs black holes. In this appendix, we obtain these charges in Schwarzschild 
coordinates, since these coordinates, not ones in Eq. (|30p . are suitable one for AdS/CFT corre- 
spondence. 



BTZ black holes metric may be written in the form of 



ds 2 = L 



dt 2 + 



(j.2 _ r 2j( r 2 _ r 2 ) 



dr 2 + r 2^ d<p+ r _±]_ dt y 



(D.l) 



where the normalization of the time translational and rotational Killing vectors is such that £p = 
TM^ R = ~§ij>- ^ is sufficient to take the next leading term of the metric as /i-part for the ADT 
potential 



h tt = L\rl + r 2 _ 



L 2 



(r 2 +r 2 ), 



h<t> 



L 2 r+r- , 



0. 



Then, the ADT potentials are given by 

1 



rt 



Qr 



Ct 2L 3 r 
6s ~~ L 2 r 



(r 2 + + r 2 _), Qt 



i T 4L 5 r 

r+r- 
R = 2L 4 r ' 



(r 2 + +r 2 _) 
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which gives us the mass and angular momentum of BTZ black holes in the NMG case as 



M 



8G 



-V 



1 



Lr + r_ 



a + 



1 



2m 2 L 2 



2m 2 L 2 - 

Note that this expression is consistent with the one obtained in various other ways [33] 

The metric of WAdS^ black holes in the Schwarzschild coordinates is given by |29] 

dr 2 



where 



ds 2 = L 2 



N(r) 2 
N e (r) 
R{r) 2 



N{r) 2 dt 2 + R{rf{d6 + N°{r)dtf + 



[y 2 + 3)(r — r + )(r — r_) 



AR{r) 2 N{r) 



4R(r 



2vr — yjr + r_{v 2 + 3) 



2R(r) 2 

3(v 2 - l)r + 2 + 3)(r+ + r_) - 4i/Jr + r_(i/ 2 + 3) 



and z^ 2 = 3/(4/3 2 - 1). 

It is sufficient to take the metric deviation as 



he 



1 1 

: + 3 r 3 



(r+ + r_ 



(z/ + 3)(r+ + r_) - 4W (i^ 2 + 3)r + r 



~2 V + 3 ) r + r - • 



We can also obtain the ADT potentials as 

1 



Q3? 



Q 



St 



2L 3 
1 

4L5 



z/ 2 + 3)(r + + r_) - 2vJ(v 2 + 3)r+r 



(i/ 2 + 3)(4z^ 2 - 3)(r+ + r_) - Av(lQv 2 - 15) J (v 2 + 3)r + r_ 



(D.2) 



(D.3) 



These give us mass of WAdS% black holes solutions of NMG in Schwarzschild coordinates as 



L 3 

M =8G^ 



a Q V R H 9 ^2 



K^ 2 + 3) 
G(20z/ 2 - 3) 



z/(r + + r_) — J {y 2 + 3)r + r 



(D.4) 



where we used the relation l/m 2 L 2 = 2a/ (3 — 20z/ 2 ) and rj = a = —1 in the last equality. This 
result is identical with the one obtained by the AdS/CFT correspondence 
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